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21. Introduction
Our concern is the large scale geometry of algebraic homogeneous
spaces Z = G/H attached to an algebraic real reductive group G.
Here H < G is an algebraic subgroup.
One approach towards the large scale geometry of Z is to study the
double-coset space K\G/H for K < G a maximal compact subgroup.
In interesting cases, for example if H is a symmetric subgroup which
is compatible with the choice of K, i.e., H ∩ K is maximal compact
in H , then there is a good answer in terms of the generalized Cartan
decomposition for Z = G/H : there is a non-compact torus Aq with Lie
algebra orthogonal to h+ k such that G = KAqH . Here h and k denote
the Lie algebras of H and K.
The class of homogeneous spaces Z we consider in this paper are
those which are called real spherical, i.e., minimal parabolic subgroups
of P admit open orbits. Symmetric spaces are real spherical and basic
properties of symmetric spaces have been shown to persist in the larger
class of real spherical spaces (see [1], [13], [14], [12], [15]).
The objective of this paper is to study the large scale geometry of
real spherical spaces. In the past we looked at many non-symmetric ex-
amples and constructed non-compact tori a such that G = KAH holds
true, but could not find a general construction scheme, see [13], [6]. In
contrast to symmetric spaces the tori a are typically not orthogonal to
k+ h which makes matters rather complicated.
In order to discuss the large scale geometry of spherical spaces it thus
seems reasonable to weaken the concept of the polar decomposition
G = KAH and replace K by a compact subset Ω ⊂ G. This approach
is motivated by the investigations in [16] for a class of p-adic spherical
spaces.
By definition a minimal parabolic subgroup P < G is given by P =
G ∩ PC where PC < GC is a minimal parabolic of GC which is defined
over R. Here GC denotes the complexification of G which is a complex
reductive algebraic group.
One main geometric result of this paper then is:
Theorem 1.1. [Polar Decomposition] Let Z = G/H be a real spherical
space attached to an algebraic real reductive group. Let P be a minimal
parabolic subgroup of G such that PH is open. Then there is a Levi
decomposition P =MA⋉N such that
G = ΩAFH
for a compact set Ω ⊂ G and a finite set F ⊂ G
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The main new tool for deriving the polar decomposition is the exis-
tence of a simple compactification. The definition is given in Section 3.
Most importantly, a simple compactification has a unique closed orbit,
and thus the following result is obtained in Section 3.3.
Theorem 1.2. Let Z = G/H be a real spherical space and assume that
H is equal to its normalizer, H = NG(H). Let the subgroup J < G be
defined by
J = {g ∈ G | PCHCg = PCHC}.
Then there exists a compact subgroup MJ of J such that J =MJH. In
particular, J/H is compact.
Furthermore, there exists an irreducible rational real representation
V of G with J-fixed vector vJ such that
ZJ := G/J → P(V ), gH 7→ [g · vJ ]
is an embedding, and such that the closure of ZJ in P(V ) is a G-
compactification of ZJ with a unique closed G-orbit.
The proof of Theorem 1.1 follows in Section 4. In Section 5 we define
the compression (or valuation) cone of Z. We show that the compres-
sion cone governs the fine convex geometry near the closed orbit of a
simple compactification and results in a refined polar decomposition,
Theorem 5.13. Finally, following Sakellaridis and Venkatesh [16] we de-
fine a class of real spherical spaces which satisfy the wavefront lemma
of Eskin-McMullen [7].
Acknowledgement: We thank the anonymous referee for useful sug-
gestions which led to an improvement of our paper.
2. Real spherical spaces
2.1. Notation on real spherical spaces. We will denote Lie groups
by upper case Latin letters, e.g A, B etc., and their Lie algebras by
lower case German letters, e.g. a, b etc.
Let G be an algebraic real reductive group by which we understand
an open subgroup of the real points of a connected complex reductive
algebraic group GC. Further we let H < G be a closed subgroup
such that there is a complex algebraic subgroup HC < GC such that
G ∩ HC = H . Under these assumptions we refer to Z = G/H as a
real algebraic homogeneous space. We set ZC = GC/HC and note that
there is a natural G-equivariant embedding
Z →֒ ZC, gH 7→ gHC .
Let us denote by z0 = H the standard base point of Z. We denote by
C[GC] the ring of regular functions on GC.
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Denote by P the variety of all minimal parabolics. Then P ≃ G/P
for any given P ∈ P. In this paper we will assume that Z is real
spherical, i.e., some, and hence all, P ∈ P admit an open orbit on Z.
2.2. Embeddings. It follows from a theorem of Chevalley that every
real algebraic homogeneous space Z = G/H admits a G-equivariant
embedding into the projective space of a rationalG-module V , i.e., there
is a vector 0 6= vH ∈ V such that H is the stabilizer of the line
[vH ] ∈ P(V ). Then the map
(2.1) Z = G/H → P(V ), gH 7→ [π(g)vH ]
is a G-equivariant embedding.
It can sometimes be useful to reduce matters to the quasi-affine sit-
uation of an embedding into V . This is achieved with the following
standard trick. For every algebraic character χ : H → R× we set
(2.2) G1 := G× R
×, H1,χ := {(h, χ
−1(h)) ∈ G1 | h ∈ H},
then Z1,χ = G1/H1,χ is a real spherical space. In particular, if V and
vH are as above, and if χ : H → R
× is given by π(h)vH = χ(h)vH , then
(g, t)H1,χ 7→ t π(g)vH, Z1,χ := G1/H1,χ → V
is an embedding.
2.3. The local structure theorem. Let P ∈ P be such that PH is
open in G, that is g = p+ h.
If l is a real reductive Lie algebra then we denote by ln, reps. lc the
union of the non-compact, resp. compact, simple ideals of l. Note that
l = z(l)⊕ ln ⊕ lc
is a direct sum of reductive Lie algebras.
According to the local structure theorem of [12, Thm. 2.2] there
exists a parabolic subgroup Q ⊃ P with Levi decomposition Q = LU
such that:
• Q · z0 = P · z0 and
• Ln < Q ∩H < L with Ln = 〈exp ln〉.
Hence on the level of Lie algebras we have
(2.3) ln ⊂ q ∩ h ⊂ l .
A parabolic subgroup Q with the properties listed above is said to
be Z-adapted. It is shown in [12, Thm. 2.7] that only one parabolic
subgroup containing P is Z-adapted .
We let KLALNL = L be an Iwasawa decomposition of L and set
A := AL. This way, we obtain a Levi decomposition P = MAN =
MA⋉N where M = ZKL(A) and N = NLU .
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We let
z(l) = z(l)np ⊕ z(l)cp
be the decomposition into compact and non-compact part, i.e., z(l)cp
is the Lie algebra of the maximal compact subgroup of the abelian Lie
group Z(L) and z(l)np is its orthocomplement.
Let d := z(l) + lc. As there is no algebraic homomorphism of a non-
compact torus into a compact group we obtain that every algebraic
subalgebra c of d decomposes c = [c ∩ z(l)np] ⊕ [c ∩ (z(l)cp + lc)]. As h
is algebraic we thus get
h ∩ l = ln + ah +mh
with ah ⊂ z(l)np the image of h ∩ l under the orthogonal projection
l → z(l)np and likewise for mh < z(l)cp + lc. Let aZ ⊂ z(l)np be the
orthogonal complement of ah and mZ the orthogonal complement to
mh in lc + z(l)c. Accordingly the following direct sum holds
(2.4) g = h⊕ aZ ⊕mZ ⊕ u .
2.4. The open P -orbits in Z = G/H. Let P ∈ P be such that PH
is open in G and let Q ⊃ P be Z-adapted. Our goal in this subsection
is to describe all open P -orbits on Z = G/H .
Recall that the local structure theorem asserts that PH = QH and
that there is an algebraic diffeomorphism
(2.5) U × S → P · z0
where S = L · z0 is a homogeneous space for the group D := L/Ln. As
L is reductive we can and will assume that D < L. Note that the Lie
algebra d = z(l) + lc is compact and contained in a + m (recall that a
Lie algebra is called compact if it is isomorphic to the Lie algebra of a
compact Lie group).
Lemma 2.1. PC · z0 ∩ Z is the union of the open P -orbits in Z.
Proof. We first note that PC · z0 is Zariski open, hence dense and thus
the unique open PC-orbit in ZC. Let now g ∈ G and z = g · z0 ∈ Z.
Then Ad(g)−1p+ h = g if and only if Ad(g)−1pC + hC = gC, and hence
P · z is open in Z if and only if PC · z is open in ZC. The lemma follows
immediately. 
The local structure theorem was obtained through the use of a P -
semi-invariant regular function f on G (see also Section 3.4 where we
review this in more detail). If we view f as a regular function on GC we
obtain the complex version of the local structure theorem: with QC the
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Zariski closure of Q and UC := exp(uC) we obtain a parametrization of
the open PC-orbit PC · z0 ⊂ ZC:
(2.6) UC × SC → PC · z0 .
The slice SC is described as follows: With LC < QC the Levi part
with LC ⊃ L and Ln,C = 〈exp(ln,C)〉 we obtain that SC = LC · z0 is a
homogeneous space for the group DC := LC/Ln,C.
Note that the number of open P -orbits in Z is finite. In view of (2.6)
we have (PC · z0)(R) = U × SC(R). Hence all open P -orbits are given
by
(2.7) Pt1 · z0, . . . , P tm · z0
where tj ∈ exp(id) (see also (2.10)). It is no loss of generality to
assume that t1 = 1. In particular we find ej ∈ G and hj ∈ HC such
that tj = ejhj. Set
(2.8) F := {e1, . . . , em}
and note that
(2.9) PgH ⊂ G is open for all g ∈ F .
2.5. Explicit structure of the slice S. As D is an algebraic group
we have
D = Z(L)np ×Dc
with Dc a compact subgroup with Lie algebra z(l)c + lc and Z(L)np :=
exp z(l)np. With C < D the stabilizer of z0 in D we obtain likewise
that
C = Ah ×Mh
with Mh a compact subgroup of Dc with Lie algebra mh. As Z(L)np =
AZ ×Ah we conclude that
S = D/C ≃ AZ ×Dc/Mh .
Set MZ := Dc/Mh. In particular, in (2.7) one can arrange that
(2.10) tj ∈ TZ := exp(iaZ), (j = 1, . . . , m).
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3. Simple compactifications
In the sequel we use the termG-space for a topological space endowed
with a continuous G-action.
By a compactification of Z = G/H we understand a compact G-space
Ẑ such that
• Ẑ ⊃ Z as G-space.
• Z is open dense in Ẑ.
Compactifications of real spherical spaces exist: Recall from (2.1)
the G-equivariant embedding in P(V ).
According to [12] the closure Ẑ of Z in P(V ) has a finite orbit de-
composition. However, the orbit structure of such an embedding can
be quite complicated, in particular it can happen that there are closed
G-orbits of different orbit type.
Example 3.1. We consider G = SL(2,R) with H = N . Then G/H ≃
R2\{0} which we realize in P(V ) where V = R2 ⊕ R via v 7→ [(v, 1)].
The closure of Z in P(V ) consists of Z and two closed orbits: The G-
fixed point [(0, 1)] and the orbit P(R2) ≃ G/P through [(vN , 0)] where
vN ∈ R
2 is N -fixed.
The goal of this section is to construct more suitable compactifica-
tions with a simple structure of the closed orbits.
Recall the parabolic Q = LU ⊃ P which we attached to Z. In
the sequel it is convenient to choose a Cartan involution θ on G such
that L is θ-stable. The opposite parabolic to Q is then defined by
Q := θ(Q) = LU with U = θ(U).
If V is a finite dimensional real G-module, then we denote by V ∗ its
dual. We choose an inner product 〈·, ·〉 on V which is θ-covariant, that
is 〈g · v, w〉 = 〈v, θ(g)−1 · w〉 holds for all g ∈ G, and v, w ∈ V . We
consider the linear identification
V → V ∗, v 7→ v∗ := 〈·, v〉
and observe that the dual representation V ∗ can be realized on V but
with the twisted G-action g ∗v := θ(g) ·v. In particular we see that the
ray R+v ⊂ V is stabilized by Q if and only if R+v∗ ⊂ V ∗ is stabilized
by Q.
We call a compactification Ẑ simple provided that there exists only
one closed G-orbit Y ⊂ Ẑ and Y ≃ G/Q as G-space.
Simple compactifications arise in the following context.
Lemma 3.2. Let V be an irreducible finite dimensional real rational
G-representation with the following properties:
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(1) There is a non-zero vector vH ∈ V such that the stabilizer of
the line RvH is H.
(2) There is a non-zero vector v ∈ V for which the stabilizer of the
ray R+v is Q.
Then the closure G · [vH ] ⊂ P(V ) is a simple compactification of Z =
G/H with closed orbit Y = G · [v].
Proof. The orbit Y is isomorphic to G/Q by assumption. Since Q is a
parabolic subgroup, Y is compact and therefore closed in P(V ). The
action of G on P(V ) is algebraic, hence all orbits are locally closed.
In particular, G · [vH ] must contain a closed orbit. Thus it suffices to
show that Y is the only closed G-orbit of P(V ). This is a standard
fact whose proof, for the convenience to the reader, we briefly recall:
Let G · [u] be a closed orbit and decompose u in weight spaces for a.
Since V is irreducible we may assume u has a non-trivial component
in the lowest weight space [v]. A sequence an of elements converging
to infinity in the positive Weyl chamber A+ will now exhibit [v] as the
limit of an · [u]. 
3.1. The structure of PCHC. Let P be a minimal parabolic subgroup
such that PH is open in G. Then PCHC is open in GC and we have:
Lemma 3.3. Let HC,0 be the identity component of HC. Then
PCHC = PCHC,0.
Proof. This follows from the fact that PCHC,0 is Zariski open in GC and
the fact that GC is irreducible. 
We denote by PC+ the multiplicative monoid of regular functions on
GC which have no zero in PCHC. Every f ∈ P
C
+ is of the form
(3.1) f(ph) = f(e)χ(p)ψ(h) p ∈ PC, h ∈ HC,0
with algebraic characters χ : PC → C
∗ and ψ : HC,0 → C
∗. This follows
from Rosenlicht’s theorem, see [11] p. 78.
Lemma 3.4. The Zariski closed subset GC−PCHC in GC is affine and
the zero locus of a regular function on GC.
Proof. Recall that a complex homogeneous space DC/CC of a reduc-
tive group DC by a reductive subgroup CC is affine. Hence the local
structure theorem (2.6) implies that PC · z0 ⊂ ZC is affine. It follows
that the complement of PC · z0 is of pure codimension one in ZC and
likewise for PCHC ⊂ GC (see [8], Prop. 1).
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It remains to show that the divisor D := GC−PCHC is the zero locus
of a regular function. This is a consequence of the fact that the Picard
group of GC is finite (cf. [11], Prop. 4.5). 
Definition 3.5. We denote by P+ ⊆ P
C
+ the set of regular functions f
on GC for which
(1) f(G) ⊆ R,
(2) f(mg) = f(g) for all m ∈ M, g ∈ G,
(3) PCHC ⊆ {g ∈ GC | f(g) 6= 0}.
and by P++ ⊆ P+ the subset with (3) replaced by
(4) PCHC = {g ∈ GC | f(g) 6= 0}.
Lemma 3.6. P++ is not empty.
Proof. We obtain from Lemma 3.4 a function f ∈ C[GC] with f(z) = 0
if and only if z /∈ PCHC. For elements in PCHC = PCHC,0 the identity
(3.1) holds. Let g 7→ g¯ denote the complex conjugation of GC with
respect to G. Then the function F (z) = f(z)f(z¯) satisfies (1) and (4).
As M is compact, we observe that |χ(m)|2 = 1 for all m ∈ M . Hence
F satisfies (2) as well. 
3.2. The left and right stabilizers of PCHC. In this subsection our
concern is with the left and right stabilizers of the double coset PCHC
in GC. We denote by L and R the left and right regular representations
of GC on C[GC], that is,
(L(g)f)(h) = f(g−1h), (R(g)f)(h) = f(hg),
for g, h ∈ GC and f ∈ C[GC].
We begin with the discussion of the left stabilizer.
Lemma 3.7. Let H < G be a spherical subgroup and let P and Q be
as above. Then
(3.2) QC = {g ∈ GC | gPCHC = PCHC} .
Furthermore, for f ∈ P++ one has:
(3.3) Q = {g ∈ G | L(g)f ∈ R+f}.
Proof. In [12], proof of Theorem 2.2, the parabolic subgroup Q is ob-
tained in an iterative procedure, by which a strictly decreasing sequence
of real parabolic subgroups Q0 ⊃ Q1 ⊃ · · · ⊃ Qk = Q is constructed.
The parabolic subgroup Q obtained in the final step is unique, and
in particular independent of the initial subgroup Q0. Following the
proof in [12] it can be seen that in each step of the iteration, the set
(Qj+1)CHC is a proper subset of the previous set (Qj)CHC. In the
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first step of the iteration, as described in [12], this amounts to the fact
that the function F constructed there must satisfy F (g) = 0 for some
g ∈ (Gn)C, since it is a matrix coefficient for a non-trivial irreducible
representation of this semisimple group.
We apply this procedure with Q0 := Q0,C ∩G where
Q0,C = {g ∈ GC | gPCHC = PCHC}.
Note that Q0,C is a parabolic subgroup of GC which is defined over
R, and hence Q0 is a real parabolic subgroup with (Q0)C = Q0,C. It
follows from QH = PH that Q ⊆ Q0. If Q is strictly smaller than Q0
the discussion above implies thatQCHC is strictly smaller than Q0,CHC,
which contradicts the definition of Q0,C. Hence Q = Q0 and (3.2) is
valid.
Finally let f ∈ P++ and note that
Q ⊆ {g ∈ G | L(g)f ∈ R+f} ⊆ Q0
by (3.1) and Definition 3.5. Hence (3.3) also follows. 
Remark 3.8. The corresponding real version of (3.2), in which PCHC
is replaced by PH , is not true in general. For instance if H = K is a
maximal compact subgroup of G, then PH = G and the left stabilizer
in G of PH is G whereas P = Q in this case.
We move on to the discussion of the right stabilizer of PCHC which
we write as J := JC ∩G where
(3.4) JC := {g ∈ GC | PCHCg = PCHC}.
Furthermore, for f ∈ P++ we set
(3.5) H×f := {g ∈ G | R(g)f ∈ R
×f} .
Note that both J and H×f are closed algebraic subgroups of G
Lemma 3.9. One has
(3.6) HC,0 ∩G ⊂ H
×
f ⊂ J
and
(3.7) H ⊂ NG(H) ⊂ J .
In particular, H×f , NG(H), and J are spherical subgroups.
Proof. The inclusions in (3.6) follow from (3.1) and from Condition (4)
of Definition 3.5, respectively.
The normalizer of H acts on the set of open HC-orbits in PC\GC.
Since there is only one, (3.7) follows. 
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Example 3.10. It can happen that J/NG(H) is of positive dimension.
For that let G = SO(1, n) with n ≥ 3 and let P =MAN be a minimal
parabolic subgroup of G. Then M = SO(n − 1). Let M ′ < M be
any subgroup which is transitive on the n − 2-sphere. For instance if
n − 1 = 2k, then M ′ = U(k) is such a group. Further, H = M ′A is
a self-normalizing spherical subgroup with J = MA. (see [14] for all
that).
For a topological group G we denote by G0 its identity component.
Lemma 3.11. The following assertions hold:
(a) For f ∈ P++ one has
(H×f )0 = J0 .
In particular h×f = j is independent of the choice of f ∈ P++.
(b) There exists f ∈ P++ such that
H×f = J .
Proof. (a) The inclusion ⊆ is obvious from (3.6). The function f is
non-zero, hence invertible on PCHC ⊃ JC. Any invertible function is
an eigenfunction for a connected group (see e.g [11] Prop. 1.3). Hence
J0 ⊆ H
×
f .
As for (b) note that J0 = (H
×
f )0. Let g1, . . . , gk ∈ J be elements
such that J =
⋃
J0gj, with a disjoint union. Let f ∈ P++. Then
F :=
∏k
j=1R(gj)f lies in P++ and has the desired property. 
Lemma 3.12. We have
h ⊂ j ⊂ h+ d.
Proof. By Lemma 3.11 it suffices to show for f ∈ P++ that
(3.8) h×f ⊂ h+ d .
Let φ : Z = G/H → Zf := G/H
×
f be the canonical map. Let Qf ⊇ P
the unique Zf -adapted parabolic above P (see Section 2.3). It follows
from the construction of the adapted parabolics (which we just summa-
rized in the proof of Lemma 3.7) that Q = Qf . Now we apply the local
structure theorem to Z and Zf . Let S ⊆ Z and Sf ⊆ Zf be slices. Since
they are constructed from the same f , we have S = φ−1(Sf). Since S
is homogeneous for D, this implies the assertion d+ h = d+ h×f . 
Recall the notion of real rank of Z from [12] which is an invariant of
the real spherical space Z and given by rankR Z = dim aZ .
Note that if Z is quasi-affine, then the complement of the open PC-
orbit in ZC is the zero locus of some P -semiinvariant regular function on
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Z. Its pull-back f to G is therefore in P++ with trivial right character
ψ. We denote by P++,1 the subset of P++ which corresponds to ψ = 1
on HC,0, and set for this case
I :=
⋂
f∈P++,1
Hf , Hf := {g ∈ G | R(g)f = f}.
Then HC,0 ∩G ⊂ I and
(3.9) I ⊂ Hf ⊂ J.
We obtain a refinement of Lemma 3.12 as follows.
Proposition 3.13. Suppose that Z is quasi-affine. Then the following
assertions hold:
(1) rankRG/H = rankRG/I.
(2) i ⊆ h+ dc.
(3) j ⊆ i+ aZ.
Proof. By comparing P -semiinvariants of G/H on the slice, the local
structure theorem implies that rankRG/H is also the rank of the lattice
spanned by P++,1. Since by definition these are the semiinvariants of
G/I, this shows the first assertion. Moreover, the equality of ranks
shows that the map between the slices of G/H0 and G/I0 has compact
fibers. This implies the second assertion. The last assertion follows
from the fact that h×f ⊆ hf + aZ for all f ∈ P++,1. 
If G is a real algebraic group, then we denote by Gn the normal
subgroup generated by all unipotent elements. Note that Gn is con-
nected, and that if G = L ⋉ Ru is an arbitrary Levi decomposition,
then Gn = Ln⋉Ru, where Ln is as defined in Section 2.3. In particular,
G/Gn has compact Lie algebra.
In the sequel we view the elements of C[ZC] as right HC-invariant
regular functions on GC.
Lemma 3.14. The space C[ZC] = C[GC]
HC of right HC-invariant reg-
ular functions on GC is right Jn,C-invariant.
Proof. Let BC ⊂ PC be a Borel subgroup. To prove the lemma it is
sufficient to show that every left BC-eigenspace in C[ZC] is fixed by Jn,C
under the right regular action. Let f be such an eigenfunction. Suppose
first that f is in fact a PC-eigenfunction, i.e., f ∈ P
C
+ is attached to a
pair of characters (χ, ψ) on PCHC = PCHC,0. As in the proof of Lemma
3.11(a) we obtain that R(n)f is a multiple of f for all n ∈ (JC)0.
In general a BC-eigenfunction does not need to be a PC-eigenfunction.
To overcome this difficulty we use the method of M-averages of [12]:
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Let C[G] denote the ring of regular functions on G, i.e., the restric-
tions to G of functions in C[GC]. Using the M-average
F 7→ FM(g) =
∫
M
F (mg) dm, (g ∈ G)
(with normalized Haar measure dm on the compact group M), we
obtain a quadratic map
C[GC]→ C[G]
M , φ 7→ φ˜; φ˜ := (
∣∣φ|G∣∣2)M .
If f is a left BC-eigenfunction, then f˜ is a left PC-eigenfunction and
by what we just established we conclude that
R(n)f˜ = f˜ (n ∈ Jn,C) .
Further observe that by right equivariance of φ 7→ φ˜
(3.10) [R(n)f ]∼ = R(n)f˜ = f˜ (n ∈ Jn,C) .
Let u(t), t ∈ R, be a unipotent one parameter subgroup of Jn. Note
that V := span{R(u(t))f | t ∈ R} is a finite dimensional subspace. We
find elements F0, . . . , FN of V with F0 = f and FN 6= 0 such that
R(u(t))f = F0 + tF1 + . . .+ t
NFN , (t ∈ R).
When applying the quadratic map from above we obtain
[R(u(t))f ]∼ = t2N F˜N + lower order terms in t .
From FN 6= 0 it follows that F˜N 6= 0, and from (3.10) we then deduce
N = 0. The lemma is proved. 
Corollary 3.15. Hn = Jn.
Proof. We may assume that Z is quasiaffine. First it is clear that
Hn ⊆ Jn. To obtain the converse, let us denote by Aut(ZC) the group
of birational automorphisms of ZC and by AutGC(ZC) the subgroup of
GC-equivariant ones therein. Note that NGC(HC) naturally identifies
with AutGC(ZC). The group Aut(ZC) is isomorphic to the automor-
phism group of the function field C(ZC). The fact that Z and hence
ZC are quasiaffine implies that C(ZC) is the quotient field of C[ZC].
According to Lemma 3.14 the group Jn,C preserves C[ZC] and hence
Jn,C ⊆ NGC(HC). As NGC(HC)/HC has no real unipotent elements
([12] Cor. 4.3), the corollary follows. 
Recall the finite set F from (2.8). The following result, which is
analogous to [5], Prop. 5.1, implies the first assertion of Theorem 1.2.
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Theorem 3.16. Assume NG(H) = H. Then there exists a compact
subgroup MJ < J with Lie algebra mJ ⊆ dc and
(3.11) J =MJH.
Furthermore one has
J ⊆ (M ∩ J)FH .
Proof. The group J/Jn is compact modulo its center, and thus J =
MJZ1 whereMJ is compact and where Z1 = {g ∈ J | gJn ∈ Z(G/Jn)}.
Further, Proposition 3.13(2)-(3) implies that mJ ⊆ dc.
Note that if gJn ∈ Z(J/Jn) then g ∈ NG(H) since Jn ⊂ H ⊂ J by
Corollary 3.15. Since H = NG(H) we conclude that (3.11) is valid.
We have JC ⊂ QCHC and hence
JC · z0 = (QC ∩ JC) · z0 = (LC ∩ JC) · z0.
As Ln,C ⊂ HC and MCAC → LC/Ln,C is onto we conclude that
JC · z0 = (MCAC ∩ JC) · z0.
The last assertion of the theorem now follows by taking real points. 
3.3. The existence of simple compactifications. We are now ready
to prove the second assertion of Theorem 1.2. By Lemma 3.11 there
exists f ∈ P++ such that H
×
f = J.
Theorem 3.17. Let Z = G/H be a real spherical space. Let f ∈ P++
such that H×f = J and let Vf := spanR{R(g)f | g ∈ G} be the real
representation of G generated by f . Then
(3.12) ZJ := G/J → P(Vf), gH 7→ R(g)f
is a G-equivariant embedding. The closure Ẑf of the image provides a
simple compactification of ZJ .
Proof. As J = H×f , the map (3.12) determines a G-equivariant embed-
ding from ZJ into P(Vf). Note that Vf is irreducible and that f can
be written as a matrix coefficient, that is f(g) = v∗0(g · vH) for some
J-eigenvector vH ∈ V = Vf and a Q-eigenvector v
∗
0 in the dual V
∗.
More precisely, vH is f and v
∗
0 is the evaluation at 1. It follows from
Lemma 3.7 that Q is the stabilizer of R+v∗0 . With Lemma 3.2 we thus
obtain the result. 
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3.4. Coordinates near the closed orbit. In this section we assume
that H = J . Further we let Ẑ = Ẑf be a simple compactification
constructed out of a function f ∈ P++ as in Theorem 3.17. Let Y
be the unique closed orbit in Ẑ. We recall that if Q = LU is a Levi
decomposition of the type discussed in Sections 2.3–2.4, we have defined
D := L/Ln with compact Lie algebra d = z(l) + lc.
Proposition 3.18. There is an affine Q-invariant open subset Ẑ0 ⊂ Ẑ,
a Levi decomposition Q = LU as mentioned above, and an affine L-
invariant subvariety SY of Ẑ0 such that:
(1) The decomposition (2.5) is valid with S = L · z0 ⊂ SY .
(2) U × SY → Ẑ0, (u, s) 7→ u · s is a homeomorphism.
(3) SY is pointwise fixed by Ln and decomposes into finitely many
D-orbits.
(4) Ẑ0 ∩ Z is the union of the open P -orbits in Z, and SY ∩ Z
consists of the open D-orbits in SY .
(5) SY ∩ Y = {ẑ} where ẑ is the origin of Y = G/Q.
Proof. In [12], Section 3 and in particular Th. 3.11, we derived a local
structure theorem for real algebraic varieties which applies to Ẑ. The
construction was explicit and based on finite dimensional representa-
tion theory. We use the finite dimensional representation V := Vf with
H-semi-spherical vector f := vH . Further we pick the Q-eigenvector
v∗0 in the dual of V
∗ of V . With the data (V, vH , v
∗
0) we begin the con-
struction of the local slices as in [12], Section 3. One obtains an affine
open set Ẑ0 ⊂ Ẑ by
Ẑ0 = Ẑ ∩ {[v] ∈ P(V ) | v
∗
0(v) 6= 0}
and a Q-equivariant moment type map
(3.13) µ : Ẑ0 → g
∗; µ([v])(X) :=
v∗0(X · v)
v∗0(v)
.
A Levi decomposition Q = LU that leads to (2.5) is then obtained
with L being the stabilizer in of µ(z0) = µ([vH ]) ∈ g
∗ in the coadjoint
representation of Q, and with S := µ−1{µ(z0)}∩P · z0. It follows from
(2.5) that S = L·z0, and (1) is established except for the final inclusion.
With these choices we let Q be the parabolic subgroup opposite to
Q. Let ẑ = [v0] for the (up to scalar) unique Q-eigenvector v0 ∈ V .
Note that v∗0(v0) 6= 0 and thus ẑ ∈ Ẑ0. The slice SY is defined by
µ−1{µ(ẑ)}. In particular, since ẑ is fixed by L, the stabilizer in Q of
µ(ẑ) ∈ g∗ is a Levi subgroup that contains and hence equals L. Note
that we do not need any iterations of the construction as in [12] as Q
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is already the Z-adapted parabolic. The assertions in (2) and (3) now
follow from [12], Th. 3.10 and 3.11.
It follows from (2) that there exists unique elements u ∈ U and
s ∈ SY such that z0 = u · s. Then µ(z0) = Ad
∗(u)µ(s) = Ad∗(u)µ(ẑ)
and hence µ(z0) is stabilized by uLu
−1. Hence L = uLu−1 and since U
acts freely on the set of Levi subgroups in Q we conclude u = 1. Then
z0 = s ∈ SY and the final inclusion of (1) follows.
The first assertion in (4) follows from the fact that f ∈ P++. Indeed
the construction in [12] yields that Ẑ0 ∩ Z coincides with the non-
vanishing locus of f , i.e., the union of all open P -orbits in Z (see Lemma
2.1). Because of (2)-(3), the second assertion of (4) is an immediate
consequence of the first.
For (5) we remark first that ẑ belongs to SY and is Q-fixed, in par-
ticular D-fixed. It remains to show there are no other elements from
Y in SY . Let ŷ = [g · v0] ∈ Y for some g ∈ G. As G = UWAQ for
the Weyl group WA attached to A, we we may assume that g = uw
for some w ∈ WA and u ∈ U . If also ŷ ∈ SY , then v
∗
0(g · v0) 6= 0.
Hence we may assume w = 1 as v∗0(uw · v0) = v
∗
0(w · v0), which is zero
if w · v0 6= v0. We claim that u = 1.
Assume u 6= 1 and set u = exp(Y ) for Y ∈ u. Now ŷ ∈ SY implies
µ(ŷ) = µ(ẑ) and so
(3.14) v∗0(X · v0) = v
∗
0(X · u · v0)
for all X ∈ g by (3.13). For X ∈ u the left hand side of (3.14) vanishes,
whereas the other side is
v∗0(Ad(u
−1)X · v0) = v
∗
0(e
− adYX · v0) .
Let p : g→ z(l) be the projection along u+ u+ [l, l] and observe that
v∗0(e
− ad YX · v0) = λ(p(e
− ad YX))v∗0(v0)
where λ ∈ a∗ is the a-weight of v0. Hence λ(p(e
− adYX)) = 0. Write
Y =
∑
Yα as a sum of a-weight vectors and let β be the smallest root
for which Yβ 6= 0. Then for X = θ(Yβ) we obtain
p(e− adYX) = −[Yβ, θ(Yβ)].
As Q¯ is the stabilizer of [v0], the weight λ is non-zero on [Yβ, θ(Yβ)] for
every root β of u. We reached a contradiction, hence u = 1 and (5)
holds. 
Later in the text we will use Proposition 3.18 in a slightly disguised
form which we explicate in the following corollary.
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As in (2.7) let t1, . . . , tm ∈ TZ parametrize the open P -orbits on Z
and let SZ,j be the closure of S
′
Z,j = Dtj · z0 in Ẑ0. We set
SZ :=
m⋃
j=1
SZ,j and S
′
Z :=
m⋃
j=1
S ′Z,j .
Corollary 3.19. Within the notation of Proposition 3.18, SZ = SY .
In particular the following assertions hold:
(1) Ẑ0 = USZ .
(2) SZ ∩ Z = S
′
Z.
(3) SZ ∩ Y = {ẑ}.
Proof. Since z0 ∈ SY we find SZ,1 ⊂ SY . By Proposition 3.18 there exist
for each j unique elements uj ∈ U and sj ∈ SY such that tj ·z0 = uj ·sj.
Then sj ∈ S
′
Y,j := SY ∩ (Ptj · z0) and hence the D-orbits uj · S
′
Y,j and
S ′Z,j agree. By (2.6) the elements uj ∈ U all have to be equal to u1 = 1.
Hence SZ = SY . 
4. Polar decomposition
We recall that for a minimal parabolic subgroup P with PH open,
we chose a specific Cartan involution θ of G, which was adapted to
the geometry of PH . The corresponding Langlands decomposition of
P is denoted P = MAN , and the corresponding maximal compact
subgroup of G is denoted by K. Then M ⊂ K. Recall the finite set F
from (2.8) and its property (2.9).
Lemma 4.1. Suppose that Z = G/H is a homogeneous real spherical
space and P a minimal parabolic subgroup of G such that PH is open.
Then there exist finite sets F ′, F ′′ ⊂ G such that
G = F ′KAZF
′′H .
Moreover PgH is open for all g ∈ F ′′, and in case H = NG(H) one
has F ′′ = F .
Proof. Recall from [12] Prop. 4.2 that NG(h)0 ⊂ MAZH . Hence it
suffices to show
G = F ′KAZFNG(h)0
and we may assume that h is self-normalizing. It then follows that
NG(NG(h)) = NG(h) and hence we can apply Theorem 3.16 to the
spherical subgroup NG(h). In this context observe also that PgH is
open for all g ∈MAFNG(h). By that we can then reduce all statements
to the case where H = J , which we assume henceforth.
We let Ẑ = Ẑf be a simple compactification as constructed before.
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Let Y ⊂ Ẑ be the the unique closed boundary orbit. We use Propo-
sition 3.18 and its Corollary 3.19 to obtain a P -stable affine open set
Ẑ0 = USZ ⊂ Ẑ with the properties (1)-(3) listed in Corollary 3.19.
Consider the map
Φ : K × SZ → Ẑ, (k, s) 7→ k · s.
Lemma 4.2. The map Φ is open at ẑ.
Proof. This is easily seen if ẑ is a smooth point of the affine variety SZ .
Indeed, as the projection k → u ≃ g/q¯ is surjective, we see that the
differential dΦ is surjective at (1, ẑ).
We now consider the general case. As in [4], Sect. 1.2, the slice is
induced from a linear slice in the surrounding projective space P(Vf)
of Ẑ: Let P(Vf)0 := {[v] ∈ P(Vf) | v
∗
0(v) 6= 0} and note that P(Vf)0 ≃
v0 + ker v
∗
0 is affine open. In analogy to Prop. 1.2 in [4] we have that
Ψ : U ×
(
R
×v0 + (g · v
∗
0)
⊥
)
→ P(Vf)0, (n, w) 7→ [n · w]
is a diffeomorphism. The slice SZ is obtained from the intersection
of Ẑ with R×
(
v0 + (g · v
∗
0)
⊥
)
. As K · ẑ = G/Q, it follows that the
differentiable map
Ψ′ : K × (R×v0 + (g · v
∗
0)
⊥
)
→ P(Vf)0, (k, w) 7→ [k · w]
has surjective differential at (1, v0)↔ ẑ. In particular we can conclude
that Φ is an open map near ẑ. 
We can now complete the proof of Lemma 4.1. As ẑ is Dc-fixed we
find a Dc-invariant open neighborhood S
1
Z ⊂ SZ containing ẑ such that
K · S1Z =: U contains an open neighborhood of Y in Ẑ.
We may assume that Dc ⊂ K and thus replace SZ by SZ/Dc which
is a finite union of AZ-orbits (the real points of a toric variety). These
finitely many AZ-orbits we realize in SZ as the set S
2
Z , i.e., we choose
a continuous embedding SZ/Dc →֒ SZ and let S
2
Z be the image. The
piece in S2Z which corresponds to S
1
Z we denote by S
3
Z . Let S
3
Z
′
:= S3Z∩Z
and recall from Corollary 3.19 that
(4.1) S3Z
′
⊂ DF · z0 = DcAZF · z0 .
We find for every element z ∈ Ẑ an element gz ∈ G such that
g−1z · z ∈ SZ,3. As Ẑ is compact, we conclude that finitely many gz, say
g1, . . . , gN suffice so that
⋃N
j=1 gjKSZ,3 = Ẑ. We obtain with (4.1) the
assertion of the lemma. 
We reformulate Lemma 4.1 in a more compact form and obtain:
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Theorem 4.3. (Polar decomposition) Suppose that Z = G/H is a
homogeneous real spherical space and P be a minimal parabolic subgroup
of G such that PH is open. Then there exists a compact subset Ω ⊂ G
and a finite set F ′′ ⊂ G such that
G = ΩAZF
′′H .
Moreover PgH is open for all g ∈ F ′′.
In particular, Theorem 1.1 follows.
5. Compression cones and the fine convex geometry near
the closed orbit
In this section we will investigate the fine convex geometry of the
slice SZ near the Q-fixed point ẑ.
5.1. Compression cones of H-spherical representations. We be-
gin with a remark about finite dimensional representations. The Cartan-
Helgason theorem asserts that an irreducible finite dimensional repre-
sentation of G has an MN -invariant highest weight vector if and only
if it is K-spherical. All finite dimensional irreducible representations
considered in this section are assumed to be of this type. It is known
that these representations admit a real structure and are self-dual.
Let (π, V ) be finite dimensional real irreducible representation which
is H-semi-spherical, i.e. there exists a non-zero vector vH ∈ V and an
algebraic character χ : H → R× such that H acts on vH by χ. By
the assumption above there exists a highest weight λ ∈ a∗ of the dual
representation (π∗, V ∗) and a highest weight vector v∗λ ∈ V
∗ (unique
up to scaling) with
(man) · v∗λ = a
λ · v∗λ, man ∈ P =MAN .
Here aλ = eλ(log a) as usual. In this case π is said to be (P,H)-semi-
spherical. Let
fpi(g) := v
∗
λ(π(g)vH)
be the corresponding matrix coefficient, then fpi belongs to the space
P+ from Definition 3.5, and every element in P+ is of this form for
some π and vH . In particular, the fact that Z is real spherical implies
that v∗λ(vH) 6= 0, and this in turn implies that for a given character χ
the semi-spherical vector vH is unique up to scaling.
Assume to begin with that Z = G/H is a quasi-affine real spherical
space. Let P+,1 ⊂ P+ be the submonoid corresponding to right H-
invariant functions, it then consists of the functions fpi as above with
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trivial character χ. Thus
(5.1) P+,1 = R[G/H ]
MN
Set AH := A∩H . In the sequel we prefer to consider AZ as a quotient
AZ = A/AH . Let (π, V ) be an H-spherical irreducible representation
as above. Then we define a cone a−−Z,pi ⊂ aZ by
(5.2) a−−Z,pi = {X ∈ aZ | lim
t→∞
[π(exp(tX))vH ] = [v−λ] ∈ P(V ) } .
where v−λ ∈ V is a lowest weight vector.
Definition 5.1 (Compression cone). The closure a−Z,pi of a
−−
Z,pi is called
the compression cone of the H-spherical representation π. Taking the
intersection over all H-spherical representations π as above, the set
(5.3) a−Z =
⋂
pi
a−Z,pi ⊆ aZ
is called the compression cone of Z.
It will be seen later (below Lemma 5.6) that the intersection is finite.
First we want to show that a−Z,pi is a polyhedral convex cone. Let us
expand the H-spherical vector vH into a-weights, say
vH =
∑
µ
vµ
with π(a)vµ = a
µ ·vµ for a ∈ A. In particular, v−λ 6= 0 since v
∗
λ(vH) 6= 0
and v∗λ(vµ) = 0 for µ 6= −λ. We may assume (5.2) refers to this vector.
Remark 5.2. Note that aµ = 1 for all a ∈ AH with vµ 6= 0.
Write Σu ⊂ Σ
+ for the roots corresponding to u. As V = U(u)v−λ
it follows that all a-weights of V are contained in −λ+ N0[Σu]. Hence
we find a finite subset Λpi ⊂ N0[Σu] such that
vH =
∑
ν∈Λpi
v−λ+ν
and v−λ+ν 6= 0 for ν ∈ Λpi. Since v−λ 6= 0 we obtain:
Lemma 5.3. Let (π, V ) be an irreducible real H-spherical representa-
tion. Then for X ∈ aZ the following statements are equivalent:
(1) X ∈ a−−Z,pi
(2) ν(X) < 0 for all ν ∈ Λpi \ {0}.
In particular, a−Z,pi is a finitely generated closed cone.
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Remark 5.4. Let a−− be the negative Weyl-chamber with respect to
Σ+, i.e.
a−− := {X ∈ a | (∀α ∈ Σ+) α(X) < 0} .
Then by the preceding lemma
(5.4) (a−− + aH)/aH ⊆ a
−−
Z,pi .
There are various instances when the inclusion (5.4) is strict. For ex-
ample, if π is the trivial representation. A more serious obstruction
will be encountered in the next section when we discuss wave front
spherical spaces.
Let us now describe how the a−Z,pi behave under tensor products. For
notational reasons we prefer to write a−Z,λ instead of a
−
Z,pi with −λ being
the lowest weight of (π, V ). Let π, π′ be two irreducible representations
as above with lowest weights −λ and −λ′, and with H-fixed vectors
vH and v
′
H . Then π ⊗ π
′ has a lowest weight vector v−λ ⊗ v
′
−λ′ and
an H-spherical vector vH ⊗ v
′
H . Let (ρ,W ) be the irreducible sub-
representation of π⊗π′ which is generated by the lowest weight vector
v−λ ⊗ v
′
−λ′ . Write p : V ⊗ V
′ → W for the G-equivariant projection.
Then 0 6= wH := p(vH ⊗ v
′
H) is an H-fixed vector of W .
Proposition 5.5. With the notation introduced above the following
holds:
(5.5) a−Z,λ+λ′ = a
−
Z,λ ∩ a
−
Z,λ′ .
Proof. The inclusion ⊇ is clear from Lemma 5.3 and the relation Λρ ⊆
Λpi + Λpi′. To obtain the opposite inclusion let us call an element µ ∈
Λpi ∪ Λpi′ indecomposable if it cannot be expressed as µ = µ1 + µ2
with non-zero elements µi ∈ Λpi ∪Λpi′. Thus the opposite inclusion will
follow provided that µ ∈ Λρ for all indecomposable µ. Without loss of
generality let µ ∈ Λpi.
Note that the matrix coefficient (g · (v∗λ ⊗ v
∗
λ′))(v−λ+µ ⊗ v
′
−λ′) is the
product of nonzero matrix coefficients (g ·v∗λ)(v−λ+µ) and (g ·vλ′)(v
′
−λ′).
Hence we can select g ∈ G such that
(5.6) (g · (v∗λ ⊗ v
∗
λ′))(v−λ+µ ⊗ v
′
−λ′) 6= 0 .
We consider the following algebraic function F on A:
F (a) = (g · (v∗λ ⊗ v
∗
λ′))(a · wH) = (g · (v
∗
λ ⊗ v
∗
λ′))(a · (vH ⊗ v
′
H)) .
Then F is a linear combination of characters on A. As µ was indecom-
posable, (5.6) implies that the coefficient of a−λ−λ
′+µ in the expansion
of F is non-zero. Hence µ ∈ Λρ and the proof is complete. 
In order to move on we need:
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Lemma 5.6. The multiplicative monoid P+,1 is finitely generated.
Proof. Recall (5.1) and observe that
R[G/H ]MN ≃ R[G/MN × Z]G .
Further G/MN is quasi-affine and hence so is G/MN × Z. As G
is algebraic real reductive we conclude from Hilbert’s theorem that
R[G/MN × Z]G is finitely generated. 
Let f1, . . . , fn be a set of generators of P+,1 and let fi = fpii. Then
Proposition 5.5 implies that a−Z = ∩ia
−
Z,pii
. Moreover, we have:
Lemma 5.7. Let f = fpi ∈ P++,1. Then
(5.7) a−Z = a
−
Z,pi .
Proof. As in [4], Lemme 2.1, we use that C[G] is a Krull domain to
conclude that the product f1 · · · fn divides f
N for some N ∈ N. The
result then follows from Proposition 5.5. 
So far we have assumed that Z is quasi-affine. The general case is
reduced to this case as follows.
One needs to allow the vector vH = vH,χ to transform under the
character χ of H . Let
fpi,χ(g) := v
∗
λ(π(g)vH,χ).
As before we expand
vH,χ =
∑
µ∈Λpi,χ
v−λ+µ
and observe that each µ ∈ Λpi,χ is trivial on aH , so that Λpi,χ ⊂ a
∗
Z . As
in (5.2) one defines an open cone a−−Z,pi,χ, and taking closures one defines
a−Z,χ =
⋂
pi
a−Z,pi,χ, a
−
Z =
⋂
χ
a−Z,χ =
⋂
pi,χ
a−Z,pi,χ
as in Definition 5.1.
For each χ we define the quasi-affine space Z1,χ as in (2.2), then
a−Z1,χ = a
−
Z,χ × R. From our discussion of the quasi-affine situation we
deduce that the first intersection above is finite and that
(5.8) a−Z,χ = a
−
Z,pi,χ if fpi,χ ∈ P++ .
It remains to be seen that aZ,χ is independent of χ. We employ the
notation before Proposition 5.5 and note that fpi,χ ·fpi′,χ′ = fρ,χχ′. As in
Proposition 5.5 we deduce that a−Z,pi,χ ∩ a
−
Z,pi′,χ′ = a
−
Z,ρ,χχ′. In particular
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if both fpi,χ and fpi′,χ′ are in P++, then we obtain with (5.8) that a
−
Z,χ∩
a−Z,χ′ = aZ,χχ′. Proceeding as in the quasiaffine case we get
(5.9) a−Z = a
−
Z,pi,χ if fpi,χ ∈ P++ .
5.2. The edge of the compression cone. Let C be a closed convex
cone in a finite dimensional real vector space V . The edge of C is the
linear subspace E(C) := C ∩ −C of V . One calls C pointed or sharp
provided that E(C) = {0}.
We deduce from Lemma 3.12 the direct sum decomposition for the
Lie algebra of NG(h):
(5.10) ng(h) = h⊕ a˜h ⊕ m˜h
with subspaces a˜h ⊂ a and m˜h ⊂ m.
Lemma 5.8. (Edge of the Compression cone) The following assertions
are equivalent:
(1) a˜h = {0}.
(2) NG(h)/H is compact.
(3) a−Z is sharp.
Proof. The equivalence of (1) and (2) follows from (5.10).
By the definition of the compression cone we have
a˜h + a
−−
Z,pi,χ = a
−−
Z,pi,χ
for each π and χ, and hence a˜h ⊂ a
−
Z . Thus if a˜h 6= {0}, then a
−
Z is not
sharp, i.e. (3) implies (1). Finally, it follows from Lemma 5.3 that the
edge E(a−Z) fixes the line RvH,χ. Hence E(a
−
Z) ⊂ j (see Lemma 3.9),
and then E(a−Z) ⊂ ng(h) since j/ng(h) has compact Lie algebra (see
Theorem 3.16). Thus (1) implies that E(a−Z) ⊂ h and (3) holds. 
5.3. Compression in the Grassmannian. We define the limiting
subalgebra
hlim = u+ (l ∩ h) .
From (2.4) we obtain that hlim is a real spherical subalgebra of g with
d := dim h = dim hlim.
Let us denote by Grd(g) the Grassmannian of d-dimensional subspaces
of the real vector space g.
Denote by a−−Z the interior of a
−
Z . The following result is motivated
by the work of Brion, see [3], Section 2.
Lemma 5.9. Let X ∈ aZ. Then the following statements are equiva-
lent:
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(1) X ∈ a−−Z .
(2) limt→∞ e
t adXh = hlim in Grd(g).
Proof. Let X ∈ aZ . Set V :=
∧d
g and endow V with an inner product
〈·, ·〉 which is θ-covariant, that is: 〈g · v, w〉 = 〈v, θ(g)−1 · w〉 for all
v, w ∈ V and g ∈ G.
Let v0, vH ∈ V be lifts of hlim, h ∈ Grd(g) to V . Note that v0 is an
eigenvector for AN with a-weight −2ρu := −
∑
α∈Σu
α. Denote by W
the G-submodule of V which is generated by v0 and write p : V → W
for the orthogonal projection. Set wH := p(vH) and w0 := p(v0) = v0.
Then we need to show that:
(5.11) X ∈ a−−Z ⇐⇒ lim
t→∞
[exp(tX) · wH] = [w0]
in P(V ).
LetW ∗ be the dual representation ofW and w∗0 ∈ W
∗ be a functional
with an · w∗0 = a
2ρuw∗0 for all an ∈ AN and w
∗
0(w0) 6= 0. Attached to
w∗0 and wH is the AN ×H-semi-invariant function
F (g) := w∗0(g · wH) .
In general this is not a left P -eigenfunction, but we can overcome this
difficulty by passing to the M-average of the square as in the proof of
Lemma 3.14:
(5.12) f(g) :=
∫
M
F (m · g)2 dm (g ∈ G) .
Then f is a matrix coefficient of a finite dimensional irreducible repre-
sentation U with H-fixed vector uH and a P -eigenvector u
∗
0 ∈ U
∗ with
man · u∗0 = a
4ρuu∗0:
f(g) = u∗0(g · uH) (g ∈ G) .
As 4ρu(α
∨) > 0 for all α ∈ Σu we conclude that f ∈ P++. From (5.7)
we thus conclude that X ∈ a−−Z if and only if
(5.13) lim
t→∞
[exp(tX) · uH ] = [u0]
holds true. Hence it remains to be seen that (5.13) is equivalent to the
right hand side of (5.11).
For that let wH =
∑
ν∈ΛF
v−2ρu+ν and uH =
∑
ν∈Λf
u−4ρu+ν be
the respective decomposition into non-trivial a-weight vectors, then
Λf ⊆ ΛF + ΛF , and hence (5.13) is implied by the right hand side
of (5.11). For the converse implication, we observe that if ν ∈ ΛF is
indecomposable (that is, not the sum of two non-zero elements from
ΛF ), then 2ν ∈ Λf . This follows from the construction (5.12), as in
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the proof of Proposition 5.5. The implication is an easy consequence
of this observation. 
5.4. An explicit description of the compression cone. This part
is an adaption of Section 2.3 from [3].
Write d⊥H for the orthocomplement of dH := d ∩ h in d. The local
structure theorem implies that
h = l ∩ h⊕ G(T )
where G(T ) is the graph of a linear map
T : u→ u+ d⊥H .
In particular, for all α ∈ Σu and root vectors X−α ∈ g
−α we find
Dα ∈ d
⊥
H and Xβ ∈ g
β, β ∈ Σu such that
Yα := X−α +Dα +
∑
β
Xβ ∈ h .
As [aH , Yα] ∈ G(T ) we conclude that: α|aH = 0 if Dα 6= 0, and (α +
β)|aH = 0 if Xβ 6= 0. We let M ⊂ a
∗
Z ≃ a
⊥
H ⊂ a
∗ be the monoid , i.e.
additive semi-group, generated by
• α if there exists X−α with Dα 6= 0.
• α + β if there exists X−α with Xβ 6= 0.
We combine Lemma 5.3 with Lemma 5.9 and obtain that:
Lemma 5.10. a−Z = {X ∈ aZ | (∀α ∈M) α(X) ≤ 0}.
Remark 5.11. In the case where ZC is spherical, the compression cone
coincides with the so-called valuation cone. This follows from Lemma
5.10 in combination with [3], Cor. 2.4.
5.5. Refined Polar decomposition. Set A−Z := exp a
−
Z ⊆ A/AH.
Proposition 5.12. Let Z = G/H be a real spherical space with H = J
and simple compactification Ẑ as in Section 4. Then the map
Φ : K ×A−ZF · z0 → Ẑ, (k, s) 7→ k · s
is open in (1, ẑ). In particular one has G = F ′KA−ZFH for a finite set
F ′ ⊂ G.
Proof. Let (π, V ) be an H-semi-spherical representation out of which
we constructed Ẑ ⊂ P(V ). We use that a−Z is the compression cone
of π, see Lemma 5.7 and the discussion below it. Note that z0 = [vH ]
and ẑ = [v0]. We claim that MA
−
ZF · z0 is a neighborhood of ẑ in the
slice. In fact, by the definition of the compression cone we see that
TZ(AZ\A
−
Z) · z0 does not meet a neighborhood of ẑ. The claim follows.
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By Lemma 4.2 the map Φ is open and the assertion follows as in the
proof of Lemma 4.1. 
As in Section 4 we obtain as a corollary:
Theorem 5.13. (Fine Polar decomposition) Suppose that Z = G/H
is a real spherical space. Then there exists a compact subset Ω ⊂ G
and a finite set F ′′ ⊂ G such that
G = ΩA−ZF
′′H .
Moreover, one has:
(1) Ω = F ′K for some finite set F ′ ⊂ G.
(2) F ′′ ⊆ FNG(H).
Example 5.14. In many examples it appears that F ′′ can be taken in
NG(H). However it cannot be skipped completely as the basic example
Z = SL(2,R)/ SO(1, 1) shows. Let A be the diagonal matrices in G =
SL(2,R) with positive entries and K = SO(2,R). We realize Z as the
one sheeted hyperboloid in R3:
Z = {(x, y, z) ∈ R3 | x2 + y2 − z2 = 1}
with base point z0 = (1, 0, 0). Then
A−Z · z0 = A
− · z0 = {(x, 0, z) ∈ Z | x, z ≥ 0} .
Hence it it is not possible that Z = ΩA−Z · z0 holds for a compact set
Ω ⊂ G. Here NG(H)0 = H and the quotient NG(H)/H is realized by
the involutive element w =
(
0 1
−1 0
)
∈ K which satisfies wA−Zw = A
+
Z .
With Ω = K one then has G = KAZH .
6. Wavefront spherical spaces and the wavefront lemma
Denote by a− the closure of the negative Weyl chamber a−−. The
following definition is motivated by [16].
Definition 6.1. We call the real spherical space Z = G/H wavefront
provided that
(6.1) a−Z = (a
− + aH)/aH .
Remark 6.2. All symmetric spaces are wavefront. Moreover, if G and
H are complex then one can decide with the Luna diagram whether
Z = G/H is wavefront. For example all complex spherical spaces of
the type Z = G × H/ diag(H) are wavefront. A few others, such as
SO(2n+1,C)/GL(n,C), GL(2n+1,C)/Sp(2n,C) or SO(8,C)/G2 are
not wavefront. To be precise: from the 78 cases in the list of [2], the
non-wavefront cases are: (11), (24), (25), (27), (39-50), (60) and (61).
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Denote by A− the closure of the negative Weyl chamber with respect
to the positive system determined by N . Notice that (6.1) implies that
(6.2) A−Z · z0 = A
− · z0.
With that we obtain a generalization of the “wavefront lemma” of
Eskin-McMullen ([7] Theorem 3.1). The technique of the proof is es-
sentially known – see for instance [16] or [13].
Lemma 6.3. Suppose that Z = G/H is a wavefront real spherical
space. Then there exists a closed subset E ⊂ G with the following
properties.
(1) E → G/H is surjective.
(2) For every neighborhood V of 1 in G, there exists a neighborhood
U of 1 in G such that
Vg · z0 ⊃ gU · z0
for all g ∈ E.
Proof. Put
E = ΩA−F ′′.
Then (1) follows from (6.2) and Corollary 5.13.
The proof of (2) is similar to [13], Lemma 5.4. For the convenience
to the reader we recall the argument.
For a compact set Ω ⊂ G we note that the set
⋂
x∈ΩAd(x
−1)V is
a neighborhood of 1 in G. Then the assertion is reduced to the case
where g ∈ A−F ′′.
Let U1 be a neighborhood of 1 in P which is contained in V and
which is stable under conjugation by elements from A−. As PfH is
open for all f ∈ F ′′, we see that f−1U1f · z0 is a neighborhood of z0 for
each f ∈ F ′′. We choose U so small that
U · z0 ⊂ f
−1U1f · z0
holds for all f ∈ F ′′. Then for g = af with a ∈ A− we obtain
afU · z0 ⊂ aU1f · z0 ⊂ U1af · z0 ⊂ Vaf · z0 .

Remark 6.4. Lemma 6.3 suggests that real spherical spaces which
are wavefront are especially suited to discuss the lattice counting prob-
lem, see [7]. Having developed the harmonic analysis on real spherical
spaces further one can obtain error term bounds for the lattice counting
problem. We will return to this topic in an upcoming publication.
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